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Abstract
A tree decomposition of a graph G is a family of subtrees whose edge sets partition the edge
set of G. The arboricity, a(G), is a trivial lower bound of (G), the minimum number of trees
in a tree decomposition. We prove that a(G)= (G) for all regular graphs of order n and degree
d>bn=2c. This bound is best possible. The proof uses higher edge-connectivities, which also
provide sucient conditions for a(G) = (G) when d> 2
p
n. c© 2000 Elsevier Science B.V.
All rights reserved.
1. Introduction
Let G = (V; E) be a simple graph. An edge decomposition of G is a family of sub-
graphs whose edge sets partition E. When each subgraph is acyclic, the decomposition
is said to be a forest decomposition. The arboricity is the minimum number of forests
in a forest decomposition of G, and it is denoted by a(G). When each subgraph is a
tree, we have a tree decomposition. The minimum number of trees in a tree decompo-
sition is the tree number of G, denoted by (G). Since each forest of G has at most
jV j − 1 edges, jEj=(jV j − 1) is a trivial lower bound for both the arboricity and the
tree number. There is a well-known formula for the arboricity given by Nash-Williams
[6], namely
a(G) = max

EX
jX j − 1

; X V

; (1)
where EX denotes the edge set in the subgraph of G induced by X . There is not such a
nice general formula for the tree number, although some results are known. Obviously
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the arboricity is a lower bound for the tree number. Chung [2] obtained the nontrivial
upper bound
a(G)6(G)6dn=2e:
For complete graphs, the lower and upper bounds of the above inequality coincide,
that is a(Kn) = (Kn) = dn=2e.
Truszczynsky [7] considered upper bounds in relation to the girth g of the graph G,
obtaining, for g>5,
a(G)6(G)6dn=ge+ 1:
In that paper he also proved that the tree number of complete bipartite graphs and
hypercubes equals their arboricities.
It was proved in [5] that for d-regular graphs of even degree and maximum edge-
connectivity we have a(G) = (G) = d(d + 1)=2e. In the same paper it was shown
that the gap between the arboricity and the tree number can be arbitrarily large for
regular graphs with odd degree. In particular, for each odd number d, innite families
of d{regular graphs with (G)=n=2d having maximum edge-connectivity are described
there.
In this paper we prove that the equality a(G)=(G) holds for all regular graphs with
degree d>bn=2c. For d= (n=2)− 1> 3, let H be the complete graph Kd+1 minus an
edge and let G be the d-regular graph obtained by joining two copies of H with two
edges. Each of the two copies requires d(d+1)=2e trees in a minimum decomposition.
Since there are only two edges joining the two copies, a minimum tree decomposition
of G can not have less than d − 1 trees. Therefore, (G)>2a(G) − 2. This example
shows that the bound d>bn=2c is best possible.
In fact, the critical situation d = n=2, when d is odd, requires a strong result on
the structure of sets with small edge-boundary proved in Section 2. This section also
contains denitions and basic results about edge-connectivities of order higher than
one. These parametres were introduced in [4] and they are related to the concept
of extraconnectivity studied by Fabrega and Fiol [3]. They are the main tool in the
proof of our result and they also provide sucient conditions to ensure the equality
a(G) = (G) when d> 2
p
n.
2. Connectivity properties
Let X be a subset of vertices of a graph G. The edge boundary of X , which we
denote by @X , is the set of edges joining X to its complement X .
For 16r6n=2 the r{edge-connectivity of G is dened as
r =minfj@X j: r6jX j6n− rg:
Note that, 1626   6bn=2c, where 1 =  is the usual edge-connectivity of G.
A subset F V is said to be an r-fragment of G if r6jF j6n− r and j@F j=r(G).
A fragment with the smallest cardinality is said to be an r-atom.
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It is well known that regular graphs with degree d>bn=2c have maximum edge-
connectivity  = d [1]. In this section we give stronger results concerning edge-
connectivities of order two and three.
In a d-regular graph for each X V; 16jX j6n=2, we trivially have
j@ X j= j@X j>jX j(d− jX j+ 1); (2)
where equality holds if and only if the subgraph GX induced by X is a complete graph.
Lemma 1. Let G be a d-regular graph with d>n=2; then 2(G) = 2d− 2.
Proof. By inequality (2), for each subset X V such that 26jX j6d − 1, we
have j@X j>2d − 2. Since d>n=2 this inequality holds for all subsets X with
26jX j6n=2.
For d = n=2 let G be the graph obtained by joining two copies of Kd by a perfect
matching. It is easily checked that d=1(G)=2(G)=   =bn=2c(G). Our main result
in this section says that sets with small edge-boundary in regular graphs of odd degree
d= n=2 are very close to a 3-atom which is itself essentially unique.
Theorem 2. Let G be a regular graph of odd degree d= n=2> 5 such that 3(G)6
2d−2 and let A be a 3-atom of G. Then; every subset X V with 36jX j6n=2 such
that j@X j62d− 2 satises d>jX j>d− 1 and either X A or X  A.
Proof. By inequality (2), j@Aj62d − 2 implies d>jAj>d − 1. A similar argument
gives d>jX j>d− 1.
Assume the result is false.
Since the function Y 7! j@Y j; Y V , is submodular, we have
j@X j+ j@Aj>j@(A \ X )j+ j@(A [ X )j= j@(A \ X )j+ j@( A \ X )j: (3)
Suppose rst jAj = d − 1. Then by inequality (2), we have 3(G) = 2d − 2 and
therefore X is a 3-fragment. As j@X j = djX j − 2jEX j = 2(d − 1), and d is an odd
number, we have jX j = d − 1. In particular, j A \ X j = jA \ X j + 2. If 36jA \ X j6
jAj−1, as A is a 3-atom, we have j@(A\X )j>j@Aj+1 and then inequality (3) implies
j@X j>j@( A \ X )j+ 1, contradicting that X is a 3-fragment. Therefore, 16jA \ X j62.
Replacing X by X in inequality (3), a similar argument yields 16jA \ X j62. Thus
d− 1 = jAj= jA \ X j+ jA \ X j64, which implies d65.
Suppose now jAj = d. By exchanging A by A if necessary, we may assume that
jA \ X j>j A \ X j. Note that d> jA \ X j>jX j=2>(d − 1)=2> 2. On the other hand,
j A \ X j = jA \ X j + , where  = d − jX j. Therefore, d> j A \ X j> 2 as well. By
inequality (2), j@(A \ X )j>2d − 2 and, since A is a 3-atom, j@( A \ X )j>j@Aj + 1.
Combining this inequality with (3) we get j@X j>2d− 1, a contradiction.
Remark 3. When d = n=2 = 5 there are a few exceptions to Theorem 2. The above
proof works when the 3-atom has cardinality jAj= 5. When jAj= 4, as shown in the
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proof, X is a 3-atom as well and GA ’ GX ’ K4. Therefore, a vertex can not be in
three dierent atoms and jX \Aj is either zero or two. Hence, G has either two disjoint
3-atoms or ve 3-atoms.
The following lemma will be needed in the next section.
Lemma 4. Let G be a regular graph with odd degree d= n=2 and let A be a 3-atom
of G. If jAj> 3; then both GA and G A are hamiltonian.
Proof. Let x 2 A. Since jAj> 3, we have
j@Aj< j@(A n fxg)j= j@Aj+ j@x \ EAj − j@x \ @Aj:
From j@x \ EAj + j@x \ @Aj = d and the above inequality, we get j@x \ EAj>d=2.
Since jAj6j Aj and j@ Aj = j@Aj6j@( A n fxg)j, a similar argument when x 2 A
yields j@x \ EAj>d=2. Therefore, both GA and G A have minimum degree >d=2>
maxfjAj=2; j Aj=2g and, by Dirac's theorem, are hamiltonian.
3. Tree decompositions
The connectivity properties shown in the above section allows us to prove, using
the Nash-Williams formula, the following result.
Theorem 5. Let G be a regular graph of order n and degree d>bn=2c. Then
a(G) = (G).
Proof. We will show that there is a path T such that G is the edge disjoint union of
T and bd=2c spanning trees.
Let T be a path of length jE(T )j= jEj − bd=2c(n− 1). Such a path exists since by
Dirac's theorem G is hamiltonian. The graph G − T has exactly bd=2c(n− 1) edges.
Using formula (1) of Nash-Williams to prove that G − T can be decomposed into
bd=2c edge disjoint spanning trees is equivalent to showing that for any subset X of
V , the inequality
2jEX j6(d− )(jX j − 1) + 2jE(T ) \ EX j (4)
holds, where = d (mod 2).
Using 2jEX j= djX j − j@X j in the above inequality, for any subset X of V we have
j@X j>d+ (jX j − 1)− 2jE(T ) \ EX j: (5)
When d is even the above inequality is just a consequence of the fact that (G) = d.
From now on assume d is an odd integer. Then n is even. It can be easily checked
that the only cubic graphs of order at most six, namely K4; K3;3 and K3  K2, admit
a decomposition into a path and one spanning tree. Therefore, assume d>5.
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Inequality (4) is trivially satised when 16jX j6d−1. On the other hand since each
vertex is incident to at most two edges of T , we have jE(T ) \ EX j>jE(T )j − 2j X j.
Therefore, using (2), inequality (5) is satised whenever
j X j(d− j X j+ 1)>(d+ jX j − 1)− 2(jE(T )j − 2j X j);
that is, when 06j X j6d− 2. Hence, the result is proved for d>n=2. Moreover, when
d= n=2, we must consider only subsets with d6jX j6d+ 1.
Suppose that j@X j>2d− 1. Then, inequality (5) is trivially satised when jX j= d.
If jX j = d + 1, since d is odd and j@X j = djX j − 2jEX j, we have j@X j>2d and (5)
also holds.
Suppose now j@X j62d − 2. In this case we make a particular choice of the path
T . Let A be a 3-atom of G. Since 36j@X j62d− 2, we have jAj> 3. By Lemma 4,
the graphs GA and G A are hamiltonian. Therefore, there is a path T in G with
b(jE(T )j − 1)=2c edges in GA and d(jE(T )j − 1)=2e in G A.
When d> 5, Theorem 2 applied to X implies either X = A or AX . Thus,
2jE(T ) \ EX j>2b(jE(T )j − 1)=2c>(n+ d− 5)=2
and, as j@X j>d, inequality (5) holds.
Finally, when d = 5 the previous argument works when G has only two disjoint
3-atoms. If this is not the case, by Remark 3, G has ve 3-atoms of size four. It is
not dicult to check that T can be chosen in such a way it has at least one edge in
each 3-atom and then inequality (5) is also satised. This completes the proof.
Note that when d>n=2 the path T in the proof of the above theorem can be
arbitrarily chosen among all paths of length jEj − bd=2c(n− 1). This freedom can be
lost in the critical case d = n=2 when d is odd and the edge-connectivities are poor.
For instance, let G be the regular graph obtained by joining two Kd with a perfect
matching. Let T be a path of length (3d−1)=2 which uses more than (d+3)=2 edges of
the matching. Obviously the graph G− T can not be decomposed into bd=2c spanning
trees.
Using similar techniques, large values of the edge-connectivities r; r>3, provide
sucient conditions in order to have (G) = a(G) for lower values of d.
Proposition 6. Let G be a hamiltonian regular graph of order n and degree d>
n=(r− 1)+ r− 1; for some integer 36r6dd=2e. If the r-atoms of G have cardinality
r; then (G) = a(G).
Proof. The proof follows the same lines as the proof of Theorem 5. According to
the arguments in that proof, let T be a path of length jE(T )j = jEj − bd=2c(n − 1)
and let G0 = G − T . The result follows if we show that G0 is the disjoint union of
bd=2c spanning trees. This will be the case if the inequality (5) holds. Following the
proof of Theorem 5, inequality (5) holds for subsets X with either 16jX j6d− 1 or
16j X j6d− 2. On the other hand, the fact that the r{atoms have cardinality r implies
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that r(G)>r(d− r + 1). Therefore, if r6jX j6n− r then
j@X j − d>r(d− r + 1)− d>(d− r)(r − 1)>n− r + 1>jX j − 1:
Hence inequality (5) holds for all subsets.
In particular, when r = dd=2e, the above proposition gives a sucient condition to
extend Theorem 5 to hamiltonian regular graphs of degree d> 2
p
n.
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